THE COARSE BAUM-CONNES CONJECTURE AND 

GROUPOIDS II 

J. L. TU 

^D ' Abstract. Given a (not necessarily discrete) proper metric space M with 

^^ , bounded geometry, we define a groupoid G{M). We show that the coarse 

^~>' Baum-Connes conjecture with coefBcients, which states that the assembly map 

, ^ , with coefficients for G{M) is an isomorphism, is hereditary by taking closed 

subspaces. 
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^ ' Let (X, d) be a metric space that we will suppose in this introduction to be 

uniformly locally finite for simplicity, i.e. Vi? > 0, 3A^ ^ Nj'ix & X, ^B{x, R) < 
N. 

A subset E oi X X X is controlled if d\E is bounded. Let if be a separable, 
f^ I infinite dimensional Hilbert space. Let C*{X) be the closure of the algebra of 

O ■ operators T G C{£'^{X, H)) whose support is controlled, such that every matrix 

(^ . element T^y G C{H) is a compact operator. 

For every real number d > 0, let Pd{X) be the space of probability measures 
O I on X whose support have diameter < d. Then the coarse Baum-Connes conjec- 

^ ■ ture [H] states that a certain assembly map limrffC^,(Prf(X)) — )■ K{C*{X)) is an 

isomorphism. 

This conjecture is known to be true in many cases |10], but not in general [5]. 
rS \ In [6], it was shown that G{X) = U^ controlled-^ *^ 1^-^ ^ -^ '^^^ ^® endowed 

c^ ■ with the structure of an etale, locally compact, a-compact groupoid, and that 

the coarse Baum-Connes conjecture for X is equivalent to the Baum-Connes 
conjecture for G{X) with coefficients in i°°{X,]C). 

In this paper, we extend the main result of [6] in two directions. First, we 
extend the construction to a large class of locally compact, proper metric spaces 
(that are not necessarily discrete). Secondly, we define a coarse Baum-Connes 
with coefficients: a natural way to do so is to require the groupoid G{X) to satisfy 
the Baum-Connes conjecture with coefficients. We show that it is stable under 
taking closed subspaces. To that end, we prove that under quite general con- 
ditions on the locally compact groupoids H C G, the Baum-Connes conjecture 
with coefficients for G implies the Baum-Connes conjecture with coefficients for 
H (Theorems 13.101 and 13.141) : this extends one of the main results in [2]. 
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2 J. L. TU 

1. General notations and conventions 

In a metric space, B{a,R) (resp. B{a,R)) denotes the open ball (resp. the 
closed ball) of center a and radius R. More generally, if A is a subspace then 
B{A,R) = {x\ d{x,A) < R} and B{A,R) = {x\ d{x,A) < R}. 

A metric space is said to be proper if all closed balls are compact. 

If G is a groupoid, we will denote by G'^°^ the space of units, and by s and 
r the source and the range maps. For all x,y G G^^\ G^, G^ and G^ denote 
s-^{x), r-^{y) and G^ n G^ . More generally, if A, 5 C G^^) then Ga = s-\A), 
G^ = r-\B) and G^ = Ga n G^. 

In particular, given a set M, M x M is endowed with the groupoid product 
(x, ?/)(y, z) = (x, z) and inverse (x, y)~^ = {y, x). 

For all sets A,B C M x M, Ao B = {{x,y) e M x M\ 3z e M, {x,z) e 
A and {z,y) e B}, A'^ = {{y,x)\ {x,y) e A}, A^ = An{M x {x}) and A"" = 
A n {{x} X M). More generally, if X C M then Ax = A f\ {M x X) and 
A-^ = A n (X X M). We will sometimes write Ao X instead of Ax- 

Let G be a groupoid. A right action of G on a space Z is given by a map 
o" : Z — > G'-^^ (the anchor map of the action) and a "product" Z x^.,, G — ?■ Z, 
denoted by {z^g) i-)- zg, satisfying the relations za{z) = z and {zg)h = z{gh) for 
all {z,g, h) & Z x„r G x^^r G. A space endowed with an action of G is called a 
G-space. 

A continuous action is said to be proper if the map Z x^j^G ^ Z x Z defined 
by {z, g) ^ {z, zg) is proper. 

A space Z endowed with an action of a groupoid G is said to be G-compact 
(or cocompact) if M/G is compact. 

If a locally compact groupoid with Haar system acts properly on a locally 
compact space Z, then [7] there exists a "cutoff" function c : Z — t- ]R_|_ satisfying 

(i) Vx G Z, /^g(5.(.) c{zg) y{dg) = 1; 

(ii) for every compact set K C Z, the set {{z,g) & K x G\ c{zg) ^ 0} is 
relatively compact. 

2. Uniform coarse structures and groupoids 

In this section, we associate to any LBG (see Proposition 12.311) proper met- 
ric space M a locally compact groupoid G{M) (Definition 12.371) . Most of the 
constructions below can be extended to spaces that are endowed with a uniform 
structure and a coarse structure which are compatible. However, we will deal 
most of the time with metric spaces, since spaces that one usually encounters are 
metrizable (see for instance Propositino l2.6p . 

We recall the following definition from general topology. 

Definition 2.1. Let M be a set. A uniform structure on M is a nonempty 
collection U of subsets of M x M satisfying the following conditions: 

(i) For all U G W,the diagonal A is a subset of U; 
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(ii) For all U eU and all V D U,we have V eU; 
(iii) For all U,V eU,U'^ eU and UnV e U; 
(iv) For all U eU, there exists V eU such that V oV CU. 

For instance, if M is a metric space then U consists of the subsets which contain 
A^ = {{x,y) E M X M\ d{x,y) < r} for some r. 

Given a uniform structure, there is a topology such that a subset f] of M is 
open if and only for all x E fl there exists U ElA satisfying the condition Ux C Vt. 
If a topological space M is given, we call "uniform structure on M" a uniform 
structure which induces the topology on M. 

A map f : M ^ N between two uniform spaces is said to be uniformly 
continous if (/ x f)~^{V) G Um for all V e Un- 

Lemma 2.2. Let U he a uniform structure on a topological space M . Given 
any neighborhood W of the diagonal and x G M, there exists V E U and a 
neighborhood Q of x such that Vq C W. 

Proof. Let A be an open neighborhood of x such that A x A G W. Let U ElA 
such that U'-' d Ax {x}. Let V G W such that V'^ oV d U. Since V is a 
neighborhood of the diagonal, there exists an open neighborhood Vt oi x such 
that VLx {x} (Z V. 

Let {y,z) G Vh, and let us prove that {y^z) G W. Since (|/,x) E Vt x {x} C 
V C f/, we have y E A. 

Since {z^x) = {z,y){y,x) E V~^ oV C U, we have z E A. Therefore, {y,z) E 
Ax AcW. D 

If a group r acts on a uniform space M, we will say that the uniform structure 
is F-invariant if every U eU contains an element of W which is F-invariant. For 
instance, a F-invariant distance provides such a uniform structure. 

Proposition 2.3. Let T be a locally compact group. Let Y be a locally com- 
pact, V-compact proper V-space. Then there is one and only one V -invariant 
uniform structure : a set U belongs to U if and only if it contains a V -invariant 
neighborhood of the diagonal. As a consequence, if Z is any topological space 
with a T-invariant uniform structure, then every continuous, T -invariant map 
f : Y ^ Z is uniformly continous. 

Proof. Let M^ be a F-invariant neighborhood of the diagonal. We have to show 
that W E U. Let K d Y he a compact subset such that KT = Y. By the 
preceding lemma, for all x E K there exists a neighborhood Qx of x and Vx eU 
such that Vx fl {Qx x M) C W. Let Xi,...,Xn E K such that K C y^i^x,- Let 
U = CiiVx^. Then U eU, so there exists U' ElA F-invariant contained in U . Since 
U' n {K X M) E W, by invariance of U' and of W we get U' C W. 

For the last statement, observe that if f/ G Uz is F-invariant, then (/ x f)^^{U) 
is a F-invariant neighborhood of Ay, hence belongs to Uy- □ 
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Definition 2.4. (Roe) Let M be a locally compact topological space. A coarse 
structure on M is a collection £ of subsets of M x M, called entourages^ that 
have the following properties: 

(a) for any entourages A and 5, A^^ and Ao B are entourages; 

(b) any subset of an entourage is an entourage; 

(c) every compact subset of M x M is an entourage. 

Definition 2.5. A uniform-coarse structure on a locally compact space M is a 
pair {S,U) consisting of a coarse structure S, a uniform structure U, such that 
given U eU there exists V C U such that V eU nS. 

For instance if d is a proper distance of M (meaning that every closed ball is 
compact) then, with the coarse structure given hj E E S <^==^ d\E is bounded, 
and with the canonical uniform structure, M becomes a uniform-coarse space, 
which is proper (in the sense that for all E E S, the projection maps E ^ M are 
proper) . 

For most of the rest of the paper, we will deal with uniform-coarse structures 
which come from a metric. Indeed, most locally compact spaces we will work 
with are metrizable (recall that a locally compact space X is metrizable if and 
only if Co{X) is separable, if and only if X is second-countable, meaning that its 
topology has a countable basis). Moreover, we have the following proposition. 

Proposition 2.6. Let T be a locally compact group acting properly on a locally 
compact space Y such that Y/T is compact. There is one and only one uniform- 
coarse structure on Y which is proper and T-invariant (a coarse structure is 
T-invariant if every entourage is contained in a T-invariant one): entourages 
consist of sets E G Y x Y which are T -relatively compact (i.e. contained in 
a r -invariant, T-compact set). Moreover, if T is discrete then there exists a 
T-invariant (proper) distance on Y which induces the above-mentioned uniform- 
coarse structure. 

Proof. To show the existence part in the first assertion, we have to prove that 
every F-invariant neighborhood of A contains a F-compact F-invariant neigh- 
borhood of A. This follows from the fact that F-invariant open sets mYxY 
correspond to open subsets of {Y x Y)/T , and that {Y x Y)/T is locally compact. 

To show uniqueness, let 8' = {E cYxYT — relatively compact}. 

Let {U, £) be a uniform-coarse proper F-invariant structure. Since Y is F- 
compact, we have £ E £' . 

Conversely, since £ contains all compact subsets (by definition of a coarse 
structure) and is F-invariant, we have £' E £. 

Let us show the last assertion. Let rf be a distance on Y . After replacing dix.^ y) 
by d{x,y) -\- \(p{x) — (p{y)\ where y? : F — )■ R is a proper continuous function, we 
may assume that rf is a proper distance. Choose yQ E Y and R > such that 
KT = Y, where K is the closed ball B{yQ,R). For all n > 1, let (c„,j)i<j<i„ be 
a finite family of functions c„,j E Cc{Y)^ such that diam (suppc„,j) < 2~" and 
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di{y,y') = V / |c„,i(i/7) - Cn,i{y'-f)\d-f. 



Then di is a F-invariant distance. To see this, the only non-obvious part is to 
check that if di{y,y') = then y = y' . Let L = B{yQ,R + 1). Let F be the 
closure of {7 G r| L7 fl L 7^ 0}. Then F is finite. For all n, there exists 7„ G F 
such that Cn,i{y'jn) ^ 0. Since Cn,i{y'ln) ^ 0, it follows that d{y-in,y'ln) < 2"". 
Since F is finite, there exists 7 G F such that d^yy, y''y) = 0, so that y = y'. 

Let c G Cc(F)+ such that J^-y'^iyi) = 1 ^^ ^-ll !/• Let -Pr(r) the simplicial 
set such that simplices consist of subsets of F of diameter < r. Then /x : 7/ 1— )■ 
^ c(|/7)(5^ determines a F-equivariant map from Y — ?> -Pr(r) for some r, thus 
determines a function ^2 : V x F — )> R_|_ which satisfies all the properties of a 
proper F-invariant distance except perhaps for the separation axiom. Then di+d2 
is a F-invariant distance onY. D 

Definition 2.7. Let X be a metric space. We say that X is ULF (uniformly 
locally finite) if for all R> 0, sup^.^^^ #-B(a^, R) < +C)0. 

Definition 2.8. A metric space X is (5-separated (resp. strictly (5-separated) if 
d{x,y) > 6 (resp. d{x,y) > 6) for all x j^ y E X. 

Definition 2.9. Let M be a metric space. A subset X is said to be e-dense 
(resp. strictly e-dense) if for all m G M, d{m, X) < e. 

Definition 2.10. A metric space M is said to have bounded geometry if for all 
e > there exists a subspace X which is e-dense and ULF. 

Example 2.11. Let M be a compact Riemannian manifold. Then the universal 
cover of M has bounded geometry. 

Proof. Let F be the fundamental group of M. Let tt : M — )■ M be the natural 
projection. Let X G M finite such that UxexB{x,e) = M. Let X = 7r^^(X). 
Then X is e-dense. Moreover, it is a finite union of F-orbits, thus it is ULF. D 

Lemma 2.12. Let M be a bounded geometry metric space. Then for all R > 
and all e > 0, there exists n G N such that for every nonempty subset A of M of 
diameter < R, there exist ai, . . . , a„ G A such that A C U"^;^-B(aj, e). 

Proof Let X C M ULF and e/2-dense. Let Y = {x e X\ d{x, A) < e/2}. Let n 
such that for all Z G X of diameter < R + e, we have i^Z < n. 

For all X e Y, choose f{x) G A such that d{x,f{x)) < e/2. Let B = f(Y). 
Then #5 < n, and A C UbeBB{b, e). D 

Lemma 2.13. Let N be an integer. Let A a graph such that each vertex has at 
most N — 1 neighbors. Then one can color the vertices using at most N colors, 
so that two neighboring vertices have different colors. 
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Proof. We may assume that the graph is connected, hence countable. Label the 
vertices as {a;o,a;i, . . .}. Suppose colors have been attributed to Xq, . . . ,x„. Let 
An be the set of colors of those Xj's {i < n) which are adjacent to Xn+i- Since 
i^An < N — 1, one can give to Xn+i a color which does not belong to An. □ 

Proposition 2.14. Let R > and N E N. Let X be a metric space such that 
every ball of radius R has at most N elements. Then there exists a decomposition 
X = Xi U ■ ■ ■ U Xjv into N strictly R-separated spaces. 

Proof. Apply the preceding lemma to the graph whose vertex set is X, such that 
{x, y) is an edge if and only ii x ^ y and d{x, y) < R. □ 

We denote by UCb{M) the algebra of bounded, uniformly continuous functions 
on M. This is a (usually non-separable) abelian C*-algebra. Let /3„M be its 
spectrum. Note that M is an open dense subset of the compact set f3uM. 

The following property will be needed later: 

Lemma 2.15. Let F be a closed subset of a locally compact metric space M. 
Then the restriction map UCb{M) — > UCb{F) is surjective (and thus /3uF can be 
identified with the closure of F in f3uM). 

Proof Let / G UCb{F). Let r{x) = d{x,F). Define 

f{x) a X e F 

^^^^ ~ ^ ;^ X-^ir^ infB(x,i)nF / dt otherwise. 

We show that g is uniformly continuous. After translating and rescaling, we 
may assume that < / < 1. Let e G (0,1). There exists rj G (0,e) such that 
d{x,y) < T] =^ |/(x) — f{y)\ < e. Let x,y e M such that d{x,y) < r^^/lOO. 
1st case : suppose r{x) > -q/b. Let h{z) = J^J'X ^^^B(zt)r\F f dt- 

h{x) = /'^(a;)K-)+M-,2/) inf fdt+ ['^ inf f dt 

J B{x,t)nF Jr{x)+2d{x,y) B(x,t)nF 

/•2r{x)—d(x,y) 

< 2d{x, y)+ inf / dt 

Jr{x)+d{x,y) B(x,t+d{x,y))nF 
i'2r{x)—d(x,y) 

< 2d{x, y)+ inf / dt 

Jr{x)+d{x,y) B(y,t)nF 

< 3d{x,y) + h{y) 

and similarly h{y) < 3d{x,y) + h{x), so \h{x) — h{y)\ < 3d{x,y). 
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Igix) -giy)\ 



h{x)r{y) — h{y)r{x) 



< 



r{x)r{y) 

\h{x) — h{y)\r{x) + \h{x)\ \r(x) — r{y)\ 
r{x)r{y) 



^ 3d{x,y) d{x,y) 



r{x) — d{x, y) r{x) — d{x, y) 
Ad{x,y) V/lOO 



r{x) — d{x,y) r] / 5 — rj"^ / 100 

2nd case: if r{y) > rj/'b then similarly \g{x) — g{y)\ < s. 

3rd case: suppose that r{x) ,r{y) < rj/'b. We treat the case r(x) > and 
r{y) > 0, the case r{x) = or r{y) = being similar. 

Vt G [r{x),2r{x)], Vs G [r{y),2r{y)], Vm G B{x,t) n F, Vw G B{y,s) H F, 
d{u,v) < d{u,x) + d{x,y) + d{y,v) < t + rj^/lOO + s < Ar]/5 + r/^/lOO < r/, so 

\9{x) -g{y)\ <e. 

This completes the proof that g is uniformly continuous. It is obviously 
bounded and extends /, so / is in the image of UCh{M) — )■ UCh{F). D 

Proposition 2.16. Let M be a locally compact metric space, and let 6 > 0. The 
following are equivalent: 

(i) M has bounded geometry; 
(ii) f3uM = Ux vlf,xcmX; 
(iii) f3uM = Ux ULF, s-scp., xcmX. 

Proof, (iii) =^ (ii) is obvious. To show the converse, we use the fact that if X is 
ULF then it is a finite union of (5-separated spaces (see Proposition 12. 141 ) . 

Let us show (i) =^ (ii). Let a G /3„M. Choose Xq C M ULF, 1-dense. 
From the preceding lemma, there exists ni G N, and for all x G Xq there exist 
a^^\x), . . . ,aiV(x) G B{x, 1) such that B{x, 1) C UiB{a[^\x), 1/2). Let Bi^i{x) = 
5(af ^(x), l/2)nB{x, 1) and Ai = U^(zXoBi,i{x), then M = U^l^Aj, so there exists 
ii such that a G Aj^. Let -Bi(x) = i?i,jj(x). Continuing in the same way, we cover 
Bi{x) by balls of radius 1/4, etc. and thus we get Bk{x) C Bk^i{x) C ■•• C 
B{x, 1) compact such that a G Ux^Xo^kix) and Bk{x) is of diameter < 2^^^ . Let 
Y = UxeXo^k>iBk{x). Obviously, Y is ULF. We want to show that a G F. If this 
was not the case, there would exist / G UCb{M) such that f{a) = 1 and f\Y = 0. 
By uniform continuity, we get / < 1/2 on UxeXoBkix) for k large enough, and 
by continuity of / at a we get f{a) < 1/2. Contradiction. 

Let us show (ii) =^ (i). Suppose that for some R> 0, ULF subsets are not 
i?-dense. For all X C M ULF, denote by fx the function fx{x) = (l - ^^) ■ 
Then / G UCb{M). We identify / with a continuous function on f3uM. Let 
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Fx = {x E (3uM\ fx{x) = 0}. Since X is not i?-dense, Fx is a nonempty closed 
subset of f3uM. Moreover, ii X C Y then Fx D Fy. By compactness of /3„M, 
there exists a G /3uM such that a G F^ for all X C M ULF. Since fx{,Oi) = 
and /x = 1 on X, we have a ^ X for all X C M ULF. D 

From now on, (M, d) denotes a bounded geometry locally compact proper 
metric space. To understand better the topology of /3uM, we describe a basis of 
neighborhoods for each point of /S^M. 

Proposition 2.17. Let {M,d) be a bounded geometry, locally compact proper 
metric space. Let a G (3uM. Choose X C M 6-separated such that a G X. For 
each Y C X such that a eY and each e > 0, let Ny^e = B{Y,e). Then the Ny^e 
constitute a basis of neighborhoods of a. 

Proof. Let W he a. neighborhood of a. There exists / G UCi,{M) such that 
/(a) = 1 and / is supported in W. Let e > such that d{x,y) < e implies 
|/(x) - f{y)\ < 1/3. Let Y = {x e X\ f{x) > 2/3}. Then a G F, and for 
all X G B{Y,e) we have f{x) > 1/3, so / > 1/3 on Ny^^, which implies that 

Ny,e C W. 

Conversely, if Y and e are as in the proposition, let f{x) = {l — d{x, Y))+. Since 
/ G UCb{M), f extends to a continuous function h on /3„M. Since h{a) = 1, 
U = h^^{{l — 6, 1]) is an open neighborhood of a. Moreover, U r\ M = B{Y,e), 
so for all /3 G f/ and for every open neighborhood V of /3, we have V r\B{Y,e) = 
(y n f/) n M ^ 0, which shows that (3 G B{Y,e) = Ny^,, for all /3 G f/, i.e. 
U C Xyg. This shows that Xy^ is a neighborhood of a. D 

Our goal is now to define a groupoid associated to a locally compact proper 
bounded geometry metric space {M^d). 

We need some preliminaries. 

Let Am be the abelian C*-algebra consisting of / G UCb{M x M) such that for 
all £ > there exists an entourage E E S such that \f\ < e outside E. We define 
G{M) as the spectrum of Am- Since Co(M x M) is an essential ideal of Am, 
M X M is a dense open subset of G{M). Our goal is to show that the groupoid 
product (x, y){y, z) = {x, z) on M x M extends by continuity to G{M). 

Lemma 2.18. Let X be a closed subspace of M. The restriction map Am -^ Ax 
is surjective, and identifies G{X) with the closure of X x X in G{M). 

Proof. Given an entourage E, let Am,e be the set of all / G Am such that / = 
outside E. We will write Ax,e instead of Ax,En{Xy.x) for simplicity. Clearly, the 
union of all Am,e is dense in Am, so it suffices to show that every / G Ax^e is the 
restriction of some element in Am- Indeed, since / G UGb{X x X), we already 
know (Lemma 12. 15p that / is the restriction of some function g G UGb{M x M). 
Let h{z) = g{z){l — d{z,E))^. Then h\xxx = f and h G Am- This shows the 
first assertion, thus G{X) is a subspace of G{M). Since X x X is dense in G(X), 
G(X) is the closure of X x X in G(M). D 
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Lemma 2.19. Let M and N be two bounded geometry metric spaces, and A C M. 
Then M x N and A have bounded geometry. 

Proof. The first assertion is clear. Let us prove the second one. Let R > 0. 
Choose an ULF subspace X of M which is i?/3-dense. Let / : X — )■ A a map such 
that d{f{x),x) < 2dlx,A) for all x. We show that Y = {f{x)\ x e X, d{x,A) < 
i?/3} is i?-dense and ULF. 

For all a G A, there exists x G X such that d{a,x) < R/3. Then d{a, f{x)) < 
d{a, x) + d{x, f{x)) < R/3 + 2d{x, A) < R, so Y is i?-dense. 

BY{f{x),S) C YnB{x,S + 2R/3) C {/(a;')| d{x,x') < 2R/3 + S + 2R/3} = 
f{B{x, S + 4R/3))), so Y is ULF. D 

Lemma 2.20. Let M be a bounded geometry, locally compact proper metric space. 
G{M) = UE, where E runs over all entourages. 

Proof. Let a G G{M). There exists / G Am such that /(«) = 1. Let E = 
{z\ f{z) > 1/2}, then E is an entourage. Moreover, aEMxM = EU 
{z\ f{z) < 1/2}. Since a ^ {z\ f{z) < 1/2}, it follows that a e E. D 

Proposition 2.21. Let M be a bounded geometry, locally compact proper metric 
space. Then G{M) = Uxcm ulfG{X). 

Proof. Let a G G{M). According to Lemma [2. 2 m there exists a closed entourage 
E such that a G -E. We want to show that a is in X x X for some X C M 
which is ULF. First, E has bounded geometry since it is a subspace of M x M 
(see Lemma [2.19p . 

According to Proposition 12. 16^ there exists Y G E ULF such that a E Y. Let 
X = pr]^(y) Upr2(y). Since a G X x X, it just remains to prove that X is ULF. 
Let us show for instance that Xi := pr^^X) is ULF. Let 5* = sup^;^. If {x,y), 
{x', y') G Y satisfy d{x, x') < R then d{x, x') + d{y, y') < R + R + 2S = 2R + 2S, 
so Bx,{x,R) CpTi{BY{y,2R + 2S)). D 

Lemma 2.22. Let X be a ULF metric space. Let Qi, ■ ■ ■ ,gn ^ G{X). Then there 
exists 6 > and X' C X 6 -separated such that gi, . . . ,gn G G'(X') . 

Proof. We use an induction over n. For n = there is nothing to prove. Suppose 
that there exists X' C X (5-separated such that gi G G{X') for all i < n. Let N 
such that balls of radius 5 have at most N elements. Choose e G (0,5/X). We 
define an equivalence relation a; ~ y on X if there exists k and x = Xq, . . . ,Xk = y 
such that d{xi, Xj+i) < e. Let Xj (z G /) be the equivalence classes. We have 
diam (Xj) < 5, and (i(Xj, Xj) > e ii i ^ j. 

Let J = {i G /| Xj n X' 7^ 0}. As X' is (5-separated, for alH G J there exists 
Xj such that Xj fl X' = {xj}. 

Let /i(x, y) = mm{d{x, X'), 1), /2(a;, y) = mm{d{y, X'), 1) and / = max(/i, /s). 
Since /i and /2 are uniformly continuous and bounded, they are multipliers of 
Ax, thus they extend to continuous and bounded functions hi and /i2 on G'(X). 
Let h = max(/ii, /12). 



10 J. L. TU 

1st case: Suppose that h{gn) = 0. If Qn ^ X' x X', then there exists (f : 
X X X — 7- R uniformly continuous such that f{gn) = 1 and y9 = on X' x X'. 
Since (p is uniformly continuous, there exists r] G (0,1) such that f{x,y) < t] 
implies ip{x,y) < 1/2. As a consequence, gn ^ {{x,y)\ f{x,y) <ri}, so that 
Qn e {{x,y)\ f{x,y) > v}- By continuity of h we get h{gn) > f]. Contradiction. 
This shown that (?„ G X' x X'. 

2nd case: h{gn) > 0. Suppose for definiteness that hi{gn) > 0. Let r] G 
{0,hi{gn)). Then gn i {{x,y)\ fi{x,y) < r]}, so ^„ G {{x,y)\ fi{x,y) > rj}. For 
all i E I, let Xj_i, . . . ,Xj^„- be the elements of Xj such that d{xi^\,X') > rj. We 
have Hi < N for all i. Let Y\ = {xi^x\ i G /}. Since gn G (UaX\) x -^; there exists 
A such that gn &y\>^ X. After replacing 5 by min((5, 77, e) and X' by X' U Fa, we 
can assume that gn E X' x X, thus that hi{gn) = 0. Similarly, we can assume 
that h2{gn) = 0, so we are reduced to the first case treated above. D 

Let us now define the product on the groupoid G{M). First, the source map 
s{x, y) =y for the pair groupoid MxM defines a map UCb{M) — )■ UCb{M x M), 
thus a map /3„(M x M) — > PuM. In particular, s extends continuously to a map 
s : G(M) -^ f3uM. 

If {g, h) G G(M)^ is a composable pair, from Lemma [2.221 there exists X ULF 
5-separated such that {g,h) G G{X). Since G{X) is a groupoid [0], we can define 
the product in the groupoid G'(X) C G{M). Let us show that the product does 
not depend on the choice of X. Suppose that X' and X" are ^-separated and 
that^,/iGG'(X')nG(X"). 



2.23. 


Let a 


ex'n X' 


'. For all 


e > 


0, let 








K = 


{xGX' 


d{x, 


,X")< 


e} 






x: = 


{x G X" 


d{x 


,X')< 


e} 



ThenaeX'^nX'J. 

Proof. We can assume < e < min(l,(5/2). Since f{x) = max((i(a;,X"), 1) is 
uniformly continous, it extends to h E G{PuM). Since h = on X" and a G X , 
we have h{a) = 0, so a ^ f~^{[e, 1]). Thus, a G X^ and similarly, a G X'J. D 

Applying Lemma E^S to XxX and X'xX', we see that g,h e G{X'^)r]G{X'J). 
Now, for e < 6/2, there exists a unique bijection ip^ : X'^ ^ X'J such that 
d{x,ipe{x)) < e for all x G X^. This induces an isomorphism of groupoids, 
again denoted by ip^. Let 7' (resp. 7") be the product of g and h computed in 
G{X') (resp. G{X")). Since 7" = ipe{.l')i it suffices to show that (ps{g) = g and 
(Pe{h) = h. Let us show for instance (Pe{g) = g- Note that fpe^g) does not depend 
on e. If ^ei^g) 7^ (? then there exists h G UGb{M x M) such that h^ipsid)) = and 
/i(^) = 1. Let e G (0,(5/2) such that ^(71, 72) < e ^ |/i(7i) - h{-f2)\ < 1/2. 
Then |/i(7) - /i(^,(7))| < 1/2 for all 7 e ^(X;), so \h{g) = h{^,{g))\ < 1/2. 
Impossible. This completes the proof that the product in G{M) is well-defined. 
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Let US show that the product is continuous. Suppose that g,h E G{X) are com- 
posable, where X is 5-separated. We want to show that if VT is a neighborhood 
of gh then there exists a neighborhood U of {g, h) such that for all composable 
{g', h') e U we have g'h' e W. Let </? G UCb{M x M) such that <^{gh) = 1 
and (f is supported in W. There exists t] G (0, 6/2) such that d{x, x') < i] and 
diy, y') < T] imply \ip{x, y) - ip{x', y') | < 1/3. 

Choose an entourage E such that g,h & Ex, where Ex = E (1 {X x X). From 
[6], there exist Fi,F2 C Ex such that the source and range maps are injective 
on Fi and F2, {g, h) G Fi x^ F2, and ^{g'h') > 2/3 for all {g,'h') G Fi Xx F2. 
Let F/ = B{Fi,ri), then F/ are neighborhoods of 5^ and h respectively such that 
<f{g"h") > 1/3 for all {g",h") G F[xm F^. By continuity, f{g",h") > 1/3 for 
(^f", h") in a neighborhood of {g, h), which proves that g"h" G W. 

This proves that the product in G{M) is continous. The fact that the inverse 
map g 1— )■ g~^ is even simpler. 

The groupoid G{M) is a-compact: indeed, G{M) is the union of 



{{x,y) e M X M\ d{x,y) < n}. 

There exists a Haar system on G{M). To see this, we need a 
Lemma 2.24. There exists a measure ^ on M such that for all R > 0, 

(i) ^^Px€mKB{x,R)) < cx); 
(ii) mi^^MKB{x,R)) > 0. 

Proof. For all n > 1, let X„ C M ULF and 1/n-dense. Let an{R) = sup^.^^^ ^Bx,,{x, R), 
l^n = Z)xGX„ ^^' c„ = 2-"(l + a„(n))-^ and fX = Y.n>l '^nfJ-a- 

Let us prove (i). For all a; G M and n > 1, there exists y G X„ such that 
o?(a;,|/) < 1. Since fin{B{x,R)) < ^n{y,R+l) = #5x„(|/, i? + 1) < a„(i? + l), 
we have /i(5(x, /?)) < ^^^^ 2-"a„(i? + 1)(1 + a„(n))-i < 00. 

Let us prove (ii). Let n > 1/R. Then fi{B{x,R)) > Cnfin{B{x,R)) > Cn > 
0. D 

Remark 2.25. In fact, the existence of a measure satisfying properties (i) and 
(ii) above is equivalent to the fact that M has bounded geometry. 

We now define the Haar system as follows. 

The C(/3„M)-linear map / G Cc{G{M)) ^ ip e G{/3uM) = UCb{M) defined 
by 

vi^) = / fix,y)dM 

J M 

defines a Haar system (A^)sg^„Af. Indeed, the fact that ip is well-defined is a 
consequence of (i), and the fact that A"* has support G(M)^ is a consequence of 
(ii). 

Now, we generalize the definition of G{M) to metric spaces that do not neces- 
sarily have bounded geometry. 
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Definition 2.26. Let M be a metric space. We denote by E'^j (or by £' if there 
is no ambiguity) the set of entourages that satisfy the following property 

Ve > 0, 3?7 > 0, 3A^e G N, E'^'^ is covered by at most N^ sets Ei such that for 
all X G M, Ei o i?(x, r/) is contained in a ball of radius e. 

For instance, if M is endowed with the discrete distance, then E (^ £' ii and 
only if Vx G M, #E^ + #E^ < C for some C g N. 

Definition 2.27. Let M be a metric space. We say that M satisfies property 
{BG)r if Ve > 0, 3C > such that Va; G M, B{x,R) is covered by at most C 
balls of radius e. 

We want to examine the relationship between property {BG)r and the fact 
that Ar G £'. 

Lemma 2.28. Suppose that M has property {BG)r. Then for all e > 0, there 
exist finitely many strictly R-separated subspaces Yi, . . . , IV whose union Y = 

Fi U ■ ■ ■ U Yat is e-dense. 

Proof. Choose Y G M a. maximal e-separated subspace. By maximality, Y is e- 
dense. By property {BG)r, there exists A^ such that every ball B{a, R) of radius 
R is covered by A^ balls of radius e/3. Since each of these balls can contain at 
most one element of Y, B{a, R) CiY has at most A^ elements. The conclusion 
follows from Proposition 12.141 D 

Lemma 2.29. Suppose that for alle > there exists a finite union of R-separated 
subspaces YiU ■ ■ ■ UY^ which is e-dense. Then for all R! < R/2, A/j/ G £' . 

Proof. Choose e > and r/ > such that 2(i?' + e + rj) < R. Let Yi, . . . , Yat as 
in the statement of the lemma. Let Ai = {{y,x) G Ar'\ 3y G Yj, d{y,y) < e}. 
If a G M and {y , x) , {y' , x') G Aj o B{a,r]), then d{y,y') < d{y,x) + d{x,x') + 
d{x' ^ y') < 2R' + 2?7, so d{y, y') < R. Since Yj is /^-separated, we get y = y', so 
d{y, y') < le. We have shown that Ai o 5 (a, rj) is contained in a ball of radius 2e. 
If Eij = Aj n A~^ ^ then E-^ o 5 (a, r/) is contained in a ball of radius 2e. D 

Lemma 2.30. If Ar G £' then M satisfies {BG)r. 

Proof. Follows from the inclusion B{x, R) C Ar o B{x, rj). D 

To summarize. 

Proposition 2.31. Let M be a metric space. The following assertions are equiv- 
alent: 

(i) there exists R > such that Ar G £' ; 
(ii) there exists R > such that M has {BG)r; 

(iii) there exists R> such that for alle > 0, there exists an e-dense subspace 
X such that X is a finite union of R-separated spaces. 
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Moreover, if M is locally compact and proper then this is equivalent to 
(iv) there exists R > such that PuM is the union of X , where X runs over 
R-separated subspaces. 

A space that satisfies the above properties will be said to be locally of bounded 
geometry (LBG). 

Proof, (i) =^ (ii): see Lemma [2.301 

(ii) =^ (iii): see Lemma [2.281 

(iii) =^ (i): see Lemma [2.291 

(iv) =^ (iii): analogue to Proposition I2.16[ (ii) =^ (i). Suppose that (iii) 
does not hold for some e > 0. Given any finite union of -R-separated subspaces 
X, let fx{y) = {e- d{y,X))+. liX cY then f^\0) D /y^(0). Moreover, since 
X is not £-dense, /x^(0) ^ 0. By compactness, there exists a G /3uM such that 
/x(tt) = for all such X. Since fx = £ on X, by continuity we have a ^ X 
(otherwise /x(«) would be equal to a). This is a contradiction. 

(i) =^ (iv): analogue to Proposition 12.161 (i) =^ (ii). Let a G f3uM. 
Choose a maximal -R-separated subspace X. For all e > 0, there is a decom- 
position Aji = u'j^J^Al such that (Af)^^ o B{a,r]) is contained in a ball of radius 
e for all a G M. Since Ar o X = M, there exists i such that a G A^ o X. 
Taking e = -R/2, there exists a family {yx)x&x satisfying y^ G B{x,R) such 
that a G Ux,=xB{yx,R/'2) H B{x,R). Similarly, there exist y'^ such that a G 
Uxi=xB{y'^, R/4:) n B{yx, -R/2) fl B{x, R), etc. We may arrange that for all x and 
i, the set Yi^^ = B{yx ,2^~^R) fl ■ ■ ■ fl B{x,R) is nonempty. Since M is com- 
plete, there exists Zx such that r\iYi^x = {zx}- Let Z = {zx\ x G X}. For all 
e > 0, a G B{Z,e). Ii a ^ Z then there exists a uniformly continuous function 
/ such that /(a) = 1 and / = on Z. By uniform continuity of /, there exists 
6 > such that / < 1/2 on B{Z,e). Since a G B{Z,e), we have /(a) < 1/2. 
Contradiction. D 

In the sequel, we assume that the above properties hold. For instance, if M is 
discrete and (5-separated then A^ G £' for all r < 6. 

We remark that S' is a coarse structure which is compatible with the uniform 
structure. Moreover, every E ^ S' is contained in an open and controlled set (for 
instance A^ o -E o A^). 

Let G'{M) = Uegs'E. 

The same proof as in Proposition 12.31! shows that 3R > 0, Vn G N, G{M) = 
UxG{XY'^\ where X runs over -R-separated subspaces. 

Before we prove the next proposition, we need a few lemmas. 

Lemma 2.32. Let M be a locally compact metric space. Let X G M be a closed 
subspace. Let fx = inf((i(X, ■), 1). Then X = fx^{0) in (3uM. 

Proof. C is clear. Conversely, if a ^ X, let us show that fx{oi) ^ 0. There exists 
/ G UCb{M) such that f\x = and /(a) = 1. We have a G {x G M\ f{x) > 1/2}. 
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By uniform continuity, there exists r] > such that d{x, X) < t] =^ f{x) < 1/2. 
It follows that a e X e M\ fx{x) > r/}, hence fx{a) > r] > 0. D 

Lemma 2.33. Let M be a locally compact metric space. Suppose that X,Y G M 
are closed subsets such that Vr > 0, 3r' > 0, B{X, r') fl B{Y, r') C B{X n F, r). 
Then X n F = XTTY m PuM . 

Proof. D is clear. Conversely, let a G X fl F. Let r > 0. Choose r' as in 
the statement of the lemma. Since /^(tt) < ^' and /y(a) < r', we have a G 

{x G M\ fx{x) < r' and frix) < r'} C 5(XnF,r) C /xny([0'^])- I* follows 
that /xny(tt) = 0. □ 

Lemma 2.34. Let M be a locally compact metric space. Let X,Y G M be closed 
subsets. ThenXnY = nr>oXnB{Y,r). 



Proof. C: let a G XCiY. Then a eX = XnB {Y, r) U X nB{Y,r YX n B{Y, r)U 

Xn5(y,r)'=. If a belonged to XnB(Y,rY , then a G 5(F,r)^ so /y(a) > r. 

Impossible. We deduce that a E X (1 B{Y,r) for all r > 0. 

D: suppose a belongs to the right-hand side. Obviously, a E X. Moreover, 

since a G B{Y,r), we have /y(a) < r Vr > 0, so /y(«) = 0. From Lemma [2. 33 [ 
aeY. D 



Proposition 2.35. Let X be a closed and 6-separated subset of M. Then X x Xfl 
G'{M) = G'{X) c (3u{M X M). 



Proof D is clear. Let us show C. We choose e < 5/2. li g e X x X n G'{M), 
then there exists a controlled set A C M x M and r] > such that the image 
by A^^ of any ball of radius t] is contained in a ball of radius e, and g ^ A. 
Using Lemma 12.341 for all e' > we have g E B where B = (X x X) fl 
B{A,e'). We choose e' < m.m{ri/2,5/2 — e). If {x,y),{x',y) G B then there 
exist (ai, 02), (a'l, a'g) G A such that d{ai,x),d{a2,y),d{a[,x'),d{a'2,y) < e'. We 
have d{a2,a'2) < 2e' < 7], so d(ai,a[) < 2e < S. It follows that ai = a[, so 
(i(x, x') < 2e' + 2e < 6. Since X is (5-separated, we get x = x', so the range 
map r : i? — > X is injective. Similarly, the source map s : -B — )■ X, (x, y) H- y is 
injective. We deduce that g G G"(X). D 

Proposition 2.36. Let M be a LEG proper metric space. Then G'{M) is open 
in G{M), thus is locally compact. Moreover, it has a Haar system. 

Proof. Let E G £' . Let r > such that A^ G 8', and let E' = A^ o E o A,.. 
It suffices to prove that E' is a neighborhood of E in G{M). This follows from 
E C /i^^([0,r/3]) C /^^([0,r/2)) C 'W (see notation in LemmaEJl). 

The proof of the last assertion is almost the same as in the case of a ULF space, 
so we omit it. D 
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The drawback of the groupoid G'{M) is that if X C M is R-dense then the 
inclusion G'{X) — )■ G'{M) is not necessarily a Morita equivalence. To remedy 
this, we define 

Definition 2.37. Let M be a LBG, locally compact proper metric space. We 
define G{M) as the union of all E, where E E S' and r{E), s{E) have bounded 
geometry. 

An alternative definition is : G{M) = UxG{X), where X runs over closed, BG 
subspaces. 

Lemma 2.38. Let M be a metric space. If X G M has bounded geometry and 
E G S' , then Ex and E^ have bounded geometry. 

Proof. We prove the first assertion, the second being similar. Let R > and 
e > 0. We want to show that there exists n such that every ball (in X) of radius 
R can be covered by n balls of radius e. Let R' such that E C A/j/. Let rj > 
such that 3A^, Va G M, E o B{a, rj) can be covered by A^ balls of radius e. 

Let y G Ex- There exists x E X such that {y, x) G E. For all y' G YnB{y,R), 
there exists x' E X such that {y',x') G E. Then d{x,x') < R + 2R' . Now, there 
exists A^' (dependent on rj and R + 2R') such that X fl B{x, R + 2R!) can be 
covered by A^' balls Bi (on X) of radius rj. Since y' G UiE o Bi, B{y, R) can be 
covered by A^A^' balls of radius e. D 

Let us denote /3'^M = UX, where X runs over all bounded geometry subspaces 
X. 

Proposition 2.39. Let M be a LBG, proper metric space. Then P^M is an open 
subspace of P^M which is saturated for the action of G'{M). 

Proof Let r > such that A^ G £'. For all E e £' such that s{E) and r{E) 
have bounded geometry, E' = A^ o E o A^ belongs to £' and s{E'), r{E') have 
bounded geometry thanks to Lemma 12.381 Therefore, E' is a neighborhood of E 
in G'{M). We deduce that /3^M is open. 

Let us show that f3'^M is saturated. Let g G G'{M) such that s{g) G /3^M. We 
have to show that r{g) G (3'uM. 

There exists E & £' such that g & E. Moreover, there exists a bounded 
geometry subspace X such that s{g) G X. 

By Lemma [2:M s{g) = s{E) nX = nr'>os{E) n B{X,r'). Since g e E = 



E n s-^{B{X, r')) UEns-^{ B {X,ry),w e must have g eE = En s-^{B{X, r')) 

(otherwise s{g) G B{X,r'/2) n BJ^X,r'Y = (see Lemma [231). 

After replacing E' by Er\s^^{B{X, r)), we may assume that s{E) has bounded 
geometry (since B{X,r) = A^ o X), so r(£^) also has bounded geometry (see 
Lemma ESH]). We deduce that r{g) G r(E) C P'^M. D 

From this, we deduce easily 
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Proposition 2.40. Let M be a proper, LBG metric space. Then G{M) = 
G'{M)isi^M is a locally compact groupoid with Haar system. 

Remark : G{M) is generally not a-compact if M does not have bounded ge- 
ometry. 

Proposition 2.41. Let M be a proper, LBG metric space. If r > is such 
that A2r € S' , then given any closed, r-dense subspace N , the inclusion G{N) — )■ 
G{M) is a Morita equivalence. 

Proof. Indeed, /3'^N is a closed transversal for G{M). Since G{N) = G{MfJfJ!f, 
we get the result. D 

3. The classifying space for proper actions of an etale groupoid 

In this section, G denotes a locally compact, a-compact, etale groupoid. Given 
a compact subset K of G, let Pk{G) be the space of probability measures /i on 
G such that for all g,h E supp(/i), r{g) = r{h) and g~^h G K. We endow Pk{G) 
with the weak-* topology, and the natural left action of G. Note that the support 
of /i must be finite, as it is discrete and included in a compact set of the form 
G{g) = {gk\ keK, r{k) = s{g)}. 

Proposition 3.1. The action of G on Pk{G) is proper and cocompact. 

Proof. Let us show that the action is proper. If L is a compact subset of G, it is 
a standard exercise to check that the set Gl = {fi E Pk{G)\ supp(;u) C L} is an 
exhausting sequence of compact subsets of G. Now, if fi E Gl and gfi G Gl, then 
g belongs to the compact set LL"^ = {hk~^\ h,k E L}, so the action is proper. 
The action is cocompact since the saturation of Gk is equal to Pk{G). D 

Lemma 3.2. Let Y be a proper and G-compact G-space. Then there exists a 
compact subset K of G and a continuous equivariant map Y — )• Pk{G). 

Proof. Since the action of G on F is proper, there exists c G Gc{Y)-^- such that 
'^„c{yg) = 1. Let fiy = '^„c{yg)6g. Let L be the support of c. There exists a 
compact subset K oi G such that \/{y, g) E Y Xq(o) G, {y, yg) E LxL =^ g E K. 
Then for all g,h E supp(/ij^), we have g'^^h E K, so y \-^ fiy determines an 
equivariant map Y — )■ Pk{G). D 

Before we proceed, we need a few lemmas. 

Lemma 3.3. Let a,a',b be selfadjoint elements of an abelian G*-algebra, and 
£ > 0. Suppose a'{l - a) = 0, -1 <b <1 and ||a(l - fe^)|| < e. 

Let h : [—1, 1] — ?> [—1, 1] continuous such that h{0) = 0, h{t) = —1 on [—1, — 1 + 
VT^e], and h{t) = 1 on [1 - VT^e, 1]. Let b' = h{b). Then a'(l - b'^) = 0. 

Proof. We may assume that the C*-algebra is G{X), where X is a compact space. 
After evaluating at each point, we may assume that a, a', b are real numbers. If 
a' 7^ then a = 1, so |1 - b'^\ < e, so b' = ±1. D 
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Lemma 3.4. Let A and B he G-algehras, J a G-invariant ideal of B. Suppose 
that [{S,F)] e KKg{B,A) satisfies 

(i) 3{F^-l) =0 for all J G J 
(ii) [b,F] = for all be B. 

Let S' = {x E S\ Jx = 0}. Then F induces F' G C{£'), and {S',F') determines 
an element of KKg{B/J,A) whose image in KKg{B,A) is equal to [{S,F)]. 

Proof. The first assertion comes from tlie fact tliat F commutes witli J. 

Since BJ G J, B maps to C{S'), and tliis maps obviously factors through B/J. 

Clearly, B commutes with F'. It remains to check that B{F' — 1) is compact. 
Let T = F^ -I. Letb = b* e B. 

{bTf = T{b^T)T G T1C{£)T = sp[ii{%,T^| C,r/ G ^} (where %,^ denotes the 
rank-one operator ( h-> C,{f],C))- Now, T^, Tr] G S', so (6T)^ induces an element 
of 1C{£'). Taking the cubic root, we get that b{F' — 1) is compact. D 

Definition 3.5. A map / : X — > V between two topological spaces is said to be 
locally injective if X is covered by open subsets U for which f\u is injective. 

If Z is a proper G-space and A is a G-algebra, we denote by RKg{Z; A) the 
inductive limit of KKg{Co(Y),A), where Y runs over G-compact subspaces of 
Z. 

Lemma 3.6. Let G be a locally compact Stale groupoid. Let Y and T be locally 
compact spaces endowed with an action of G, such that the action of G on Y is 
proper and cocompact. Assume that the map p : F — > G*-"-* is locally injective. 
Then the natural map RKtxig{T xY;A) — )■ RKg{Y;A) induced by the second 
projection T x Y -^ Y is an isomorphism. 

Proof. We want to construct a map in the other direction. Let [{S, ip, F)] be an 
element oiRKG{Y;A). 

Let K a compact subset of Y such that KG = Y. There exists a finite open 
cover (f/j) of K for which p\u. is injective. There exist /j G Gc{Y)^ such that 
supp(/i) C Ui and K C /^^((O, +oo)). After replacing fi{y) by fi{y)/ Y.j,g fjivg), 
we can assume that ^ . fjiyg) = 1 for all y eY . 

Consider F'^ = '^i g(zG^ Oigifi Fs{g)fi )• By construction, F' is a self-adjoint 
and G-invariant operator. Let us check that it is a compact perturbation of F. 

h{F^-F^) = Y.g{agUl''Fs(g)fl'^) - ag{fl'\gUl")ag{Fs^g))) 

i,9 

+hag{fi){ag{Fs{g)) - Frig)). 

Let L = {g E G\ 3i, 3y G supp(/i), fiiyg) 7^ 0}. Then L is relatively compact, 
and the term in the sum is zero when g ^ L, so for each x the sum is finite. In 
addition, each term is compact, so the sum is compact. 
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By local injectivity of F ^^ G*^'^-', f/ Fs(g)fi commutes with Co(K,(3)), so 
Q;g(/j Fs{g)fi ) commutes with CoiYr^g)) (where Y^ denotes the fiber of Y over 
X E G^'^^). Therefore, F' commutes with Co(Y). 

After replacing F hj F', we can assume that F is G- invariant and commutes 
with Co{Y). Since A is a Co(T)-algebra, F also commutes with the action of 
Co{T), so F is an endomorphism of the left Co(T Xq^o) y)-module £. We can also 
assume that —1<F<1. 

Let /, /' G Cc{Y)^ such that /' = 1 on f^ and / = 1 on the support of /'. 
Let e G (0, 1). Since /(I — F^) is compact, there exists a compact set L C T 
such that 11/(1 - F'^)t\\ < e ioi all t e T - L. Let F' = h{F) where h is like in 
Lemma [331 then /'(I - F% = for all t ^ L. 

Let us show that ip{l — F"^) = for all ip G Cc(T Xqi^o) Y) supported outside 
L Xq{o) K. Since ip is a finite sum of functions ipi supported in sets of the 
form U Xq(o) V, where U and V are open, relatively compact sets, which are 
domains of local homeomorphisms coming from some element Qi E G such that 
{U Xq{o) V)g C L'^ X supp(/'), we may assume that ip is equal to one of those 
(Pi's. Choose hi G Cc(T)+ and /ig G Cc(Y)+ such that U = hi^(Rl) and V = 
h2^{M*^_). Since (t,y) ^-^■ hi{tg~^)h2{yg~^) is zero outside L'' x supp(/'), we have 
g-{hi(^ /i2)(l - F'^) = 0. By G-invariance of F', we have {h ® /i2)(l - F'^) = 0. 
We deduce that ip{l-F'^) =0. 

Now, let Y' be the saturation of L Xq(o) K. Using Lemma 13.41 for B = 
Co{T Xfj(o) Y) and J = Go(T x^fo) F - F')> we get an element of RKg{Y'; A). In 
fact, the construction of Lemma [231 yields an element of RKj-y^GiY'; A), and one 
easily checks that the map RKg(Y; A) — )■ RKT^ciX'] A) is inverse to the map 
RKt^g{Y';A)^RKg{Y;A). D 

Definition 3.7. Let G be a locally compact groupoid. A G-simplicial complex 
of dimension < ra is a pair {X, A) given by 

(i) a locally compact space X (the set of vertices), with an action of G relative 

to a locally injective map p : X — )■ G^^^; 
(ii) a closed, G-invariant subset A of the space of measures on X (endowed 
with the weak-* topology), such that each element of A is a probability 
measure whose support (called a simplex) has at most n + 1 elements 
and is a subset of one of the fibers of p. In addition, we require that if 
supp(/i) C supp(z/) and z/ G A, then /x G A. 

The G-simplicial complex is typed if there is a discrete set T (the set of types) 
and a G-invariant, continuous map t : X ^ T such that the restriction of r to 
any simplex is injective. 

It is not hard to see that A is locally compact, and that if G acts properly on 
X then it acts properly on A. 

The barycentric subdivision {X', A') is the G-simplicial complex whose vertex 
set consists of the centers of simphces of A, such that S = {uq, . . . , z/^} is a 
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simplex if and only if the union of the supports of z/j is a simplex of A. Using 
local injectivity of p, we see that X' is a closed subspace of A, so that G acts 
properly on X'. It is clear that X' — )■ G^^-* is also locally injective. 

This construction shows that if a G-space has a structure of G-simplicial com- 
plex, then it has the structure of typed G-simplicial complex. 

Let us introduce the following notation: if A is a G-algebra, then BC(G; A) 
means that G satisfies the Baum-Connes conjecture with coefficients in A. 

We now prove the following generalization of |2]: 

Theorem 3.8. Let G be a locally compact, second- countable etale groupoid, T 
a locally compact, second-countable G-space, and A aT yi G-algebra. Then the 
canonical map 

K':^{Ty^G-A)^K'r{G-A) 
is an isomorphism. As a consequence, BC{G; A) <^=^ BC{T xi G\ A) 

Proof. This amounts to showing that RKTy,G{T Xg(o) ^i ^) ~^ RKg{Z:, A) is an 
isomorphism when Z = EG is the classifying space for proper actions of G. Using 
Lemma 13.21 it suffices to prove this for Z = Pk{G). Since Pk{G) is a proper, 
G-compact G-simplicial complex of dimension n = sup{^G^\ x G K}, it suffices 
to show the isomorphism for any typed, proper G-compact G-simplicial complex. 

We proceed by induction on the dimension n. For n = 0, this is the content of 
Lemma 13.61 

Suppose the result is true in dimensions < n. Let Z by a typed, proper G- 
compact G-simplicial complex of dimension n and let F be its n — 1-skeleton. Let 
U = Z — F. Consider the diagram 



RKt^g{Txc^o)F,A) 



RKTy,GiTxamZ,A) 



-^RKg{F,A) 



^RKg{Z,A) 



limy KKg{C^{Y n (T Xc(o) U),A) KKg{C,{U), A) 



where the inductive limit is over G-compact subspaces of T Xq{o) Z. 
The columns are exact thanks to Lemma [3.91 below. 
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The first horizontal arrow is an isomorphism, thanks to the induction assump- 
tion, so in order to use the five-lemma, we need to show that 

\imKKG{Co{Yn{T x^ot U)),A) -^ KKg{Co{U),A) 

is an isomorphism. 

Let Z' be the set of centers of n-simplices. Since the simplicial complex is 
typed, U is isomorphic to Z' x M", so the right-hand side is RKq{Z'; A). 

Intersections of T Xq{o) U by G-compact subspaces of T X(^(o) Z correspond to 
intersections of T x ^(o) Z' x R" with closed subsets of sets of the form Y' x M" 
with y G T Xq(o) Z' G-compact. Therefore, the left-hand side is isomorphic to 
limy KKt>,g{Co{Y' x R"),A) = RK^^^{T x^m Z';A). The assertion follows 
from Lemma [3.61 D 

In the proof of the above theorem, we used : 

Lemma 3.9. Let G is a locally compact, second- countable groupoid with Haar 
system, Z is a second-countable, proper G-space, F a G-invariant subset of Z 
and U its complementary, then for any G-algebra A there is a six-term exact 
sequence 

KKg{Co{F), A) KKg{Co{Z), A) KKGiCoiU), A) 



KK'aiCoiU), A) KKh{Co{Z), A) KKh{Co{F), A) 

Proof. This is a consequence of [H CoroUaire 5.2] and the proof of jH Theoreme 5.2]. 

D 

Theorem 3.10. Let H < G be locally compact, second- countable etale groupoids 
(with H closed in G). IfG satisfies the Baum-Connes conjecture with coefficients, 
then H satisfies the Baum-Connes conjecture with coefficients. 

Proof. The proof is the same as in [2] . D 

Now, we want to remove the second-countability assumption. 

Lemma 3.11. Let G be a locally compact, second-countable, etale groupoid. Sup- 
pose that G acts on a a-unital G* -algebra A. Then there exists a sub-G* -algebra 
B, invariant by G, which contains an approximate unit for A. 

Proof. Let {Ui) and {UD be countable famihes of open subsets of G such that 
Ui C t/j', G = UiUi, {Ui} is stable by the inversion map, and r and s induce 
homeomorphisms from Ul onto their respective images Wl and V/. Let Vi = s{Ui) 
and Wi = r{Ui). View Ui as a homeomorphism from Vi to Wi. We consider A as 
an upper semi-continuous field of C*-algebras over G^'^\ Denote by Ay^ the set 
of restrictions of elements oi A to Vi. Then Ui induces an isomorphism from Ay^ 
to Aw,. 
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Let (a„) be a countable approximate unit of A. Let Xq = {a„| n G N}. Let 
Xi be a countable subset of A such that for all i and all n, an\Vi ^^ ^^^ restriction 
to Wi of an element of Xi. In the same way, we define X2, X3, etc. Then the 
C*-algebra B generated by U„X„ satisfies the required properties. D 

Proposition 3.12. Let G he a locally compact, second- countable, etale groupoid. 
Suppose that G acts on a locally compact, a-compact space T. Then there exists a 
locally compact, second-countable space T' with an action of G, and a continuous 
proper equivariant map T ^ T' with dense image. 

Proof. We apply the preceding lemma to A = Co(T). There exists a G-invariant 
separable subalgebra B containing an approximate unit. If T' denotes the spec- 
trum of the abelian C*-algebra B, then the inclusion B ^ A induces a map 
T ^ T' with the required properties. D 

Theorem 3.13. Let G be a locally compact groupoid isomorphic to X xiG' , where 
X is a locally compact, a-compact space and G' is a locally compact, second- 
countable and etale groupoid. We assume that the anchor map X — )■ G of the 
action is proper. Let T be a locally compact, a-compact G-space. Let A be a 
T X G-algebra. Then BC{G; A) ^^ BC{T x G; A). 

Proof Let T as in Proposition [SH We note that BC(T x G"; A) ^^ BC(T' x 
G'; A). To see this, we have to show that the forgetful functor from RKTy^ciX] A) 
to RKt' >^G' [y ] A) is an isomorphism, where Y' C T' Xqio) EG is G-compact 
and Y is its inverse image in T Xq(o) EG. (Note that Y is G-compact thanks 
to the properness assumption of y — ?■ Y'). Let [(ii^,y9, F)] be an element of 
RKt'>,g'(X'] ^)- Let (/j) be an approximate unit of Go(T'). For all h G Go{E_G), 
the operator (p{fi h){F'^ — 1) is compact. It follows that ip{f ® f){E'^ — 1) is 
compact for all / G Go(T) (since fi is an approximate unit in Go(T)). Using a 
similar argument for [fi <S) h,F] = fi[h, F], we find that [{E, ip, F)] determines an 
element of RKTy^ciX', ^)- 

This proves the assertion BC(r X G'; A) ^^ BC(T'xG';A). Similarly, 
BC(G';A) ^^ BC(G(°) xG'; A). Moreover, from TheoremE^l we get BC(G'; A) 
BC(T' X G'; A). Combining these three equivalences, we get the conclusion. D 

As above, we deduce the following generalization of Theorem I3.10[ 

Theorem 3.14. Let G be a locally compact groupoid isomorphic to X xG', where 
X is a locally compact, a-compact space and G' is a locally compact, second- 
countable and etale groupoid. We assume that the anchor map X — )■ G'^ ' of the 
action is proper. Let H be a closed, etale subgroupoid of G. If G satisfies the 
Baum-Connes conjecture with coefficients, then H also satisfies the Baum-Connes 
conjecture with coefficients. 
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4. The coarse Baum-Connes conjecture with coefficients 

Definition 4.1. Let M be a LBG, proper metric space. We say that M sat- 
isfies the coarse Baum-Connes conjecture (resp. the coarse Baum-Connes with 
coefficients) if the groupoid G{M) satisfies the Baum-Connes conjecture with co- 
efficients in the C*-algebra UCb{M, /C) (resp. the Baum-Connes conjecture with 
arbitrary coefficients). 

We define analogously the full coarse Baum-Connes conjecture (see also |5]) 
and the full coarse Baum-Connes conjecture with coefficients. 

Note that if r > 0, and if X is a maximal r-separated subspace, then PX is a 
complete transversal, so G{X) is Morita equivalent to G{M). Since BC(G(M); UCb{M, /C)) 
is equivalent to BC{G{X); £°°{X, /C)), the coarse Baum-Connes conjecture for M 
coincides with the usual one p] when M has bounded geometry. 

Theorem 4.2. Let M be a bounded geometry, proper metric space and N a closed 
subspace. If M satisfies the coarse Baum-Connes conjecture with coefficients 
then N also does. A similar assertion holds for the full coarse Baum-Connes 
conjecture. 

Proof. Let X C M be a maximal 1-separated subspace. Let Y = {x E X\ d{x, N) < 
1}. Since G{X) is Morita equivalent to G{M), it satisfies BCcoe/- From [B], the 
groupoid G{X) satisfies the conditions of Theorem 13.141 Since G(Y) is a closed 
subgroupoid of G'(X), it also satisfies BCcoe/- Finally, G{N) satisfies BCcoe/ since 
it is Morita equivalent to G{Y). 

The proof for the full coarse Baum-Connes conjecture is similar. D 

Our goal is now to examine the question of finding a "descent principle" . It is 
known that if F is a (torsion free) discrete group whose classifying space BT is a 
finite CW-complex, the coarse Baum-Connes conjecture for the underlying metric 
space of F implies that the Baum-Connes map for the group F is injective, but it is 
not known whether one can extend this descent principle to more general groups 
(such as groups with torsion such that ET is F-compact). One might wonder 
whether coarse Baum-Connes conjecture with coefficients is strong enough to 
imply injectivity of the Baum-Connes map for the group. Since we are not able 
to answer this question, we introduce the following definition: 

Definition 4.3. Let M be a LBG, proper metric space. We say that M satisfies 
the strong coarse Baum-Connes conjecture with coefficients (SCBC) if for all 
n e N*, the semi-direct product groupoid G'(M)" x S'„ of G{M)" by the symmetric 
group Sn (acting by permutation on the factors of G(M)") satisfies the Baum- 
Connes conjecture with coefficients. One defines analogously the strong full coarse 
Baum-Connes conjecture with coefficients (SFCBC). 

For instance, if M admits a coarse embedding into a Hilbert space, then M 
satisfies (SCBC) and (SFCBC). Indeed, we can reduce to the case when M is 
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discrete. Then G{M) acts properly on a continuous field of Hilbert spaces. It 
follows immediately that G(M)" x Sn also does, so that it satisfies BCcoe/ by [S] 
(see [6\ for n = 1). 

Before we state the next theorem, we note that if F is a finite group acting 
by isometrics on a LEG space M, there is an obvious notion of F-equivariant 
coarse Baum-Connes conjecture (the coarse assembly map taking its values in 
Kf{C*{M)) = K{C*{M)xiF)), which is shown (by essentially the same methods) 
to be equivalent to the Baum-Connes conjecture for G{M) xF with coefficients in 
UCh{M, 10} . When M is the underlying metric space of a discrete group endowed 
with any left-invariant proper distance, this is again equivalent to the Baum- 
Connes conjecture for F with coefficients in £°°(r,/C) xi F, where the actions of 
r and of F on £°°(r, /C) are induced by the right action of F and the left action 
of F on F. 

Theorem 4.4. Let T he a countable group, and let X he the underlying met- 
ric space (given hy any left-invariant proper distance). Consider the following 
statements: 

(i) X satisfies SFCBC; 
(ii) for every finite suhgroup F ofV, X satisfies the F-equivariant full coarse 

Baum-Connes conjecture; 
(iii) the full Baum-Connes map for F is injective. 
Then {i) =^ {ii). Moreover, if there is a classifying space for proper actions ET 
which is second-countahle and T-compact, and if ET is F-equivariantly uniformly 
contractihle for every finite suhgroup F ofT, then (ii) =^ (iii). 

(A space is said to be uniformly contractible if there is a uniformly continuous 
homotopy between the identity map and the constant map.) 

Proof. To prove (i) =^ (ii), we note that if n = t^F then there are embeddings 
G{X) X F ^ G{Xf X F ^ G{Xf x 5^ = G(X)" x Sn, where G{X)^ denotes 
the set of maps from F to G{X), the first map being given by the F-equivariant 
embedding G{X) — )• G{X)^, 7 h-). (/^^(7))/eF- Property (ii) follows from (the 
full version of) Theorem 13.141 

Let us prove (ii) =^ (iii). We first prove that for every proper finite 
F-simplicial complex Y, the full Baum-Connes conjecture FBC{r]UCb{Y,}C)) 
holds. We recall that, up to uniform-coarse equivalence, there is one and only 
one distance on Y which is F-invariant and proper. 

If Y is 0-dimensional, it is isomorphic to F/F where F is a finite group, so this 
reduces to BC(F; £°°(F/F,/C)), which is true by (ii). 

If Y is arbitrary, we may assume that y is a typed F-simplicial complex. We 
proceed by induction on the dimension of Y. Let n be the dimension of Y and 
suppose the result is true in dimensions < n. Let Y' be the n — 1-skeleton of Y 
and U its complementary. We have the exact sequence 

-^ UCb,o{U, Vj -^ UCbiY, K) -^ UCbiY', /C) ^ 0, 
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where UCbfl{U,]C) denotes the algebra of uniformly continuous and bounded 
functions from U to K that vanish at infinity. We note that UChfi{U,IC) = 
UCb(Y", K.) ® Co(M") where Y" is the set of centers of the open simplices in U. 
Taking the full crossed-product with T preserves exact sequences, so we get a 
six-term exact sequence 

y K,+n{UC,{Y",K,)y^fT) -^ K,{Ua{Y,IC)yifT) -^ K,{UC,{Y' X)y^fT) ^ ■ ■ • 

Similarly, let us show that we have exact sequences in topological ii'-theory: 

■ ■ ■ ^ K'^^^iV- Ua{Y", /C)) ^ <^(r; Ua{Y, /C)) ^ irf P(r; UCt{Y', /C)) ^ ■ • • 

Indeed since KI"p{T; A) is the inductive limit of KKr{Co{Pd(X)), A), we have to 
check that for every proper and finite F-simplicial complex Z, 

• • • ^ KK^iCoiZ); UC,{Y\ /C)) ^ KK^{Co{Z)- UC,{Y, /C)) -^ KKr{C^{Z)- UC,{Y\ /C)) ^ 

is exact. When Z is 0- dimensional, it is isomorphic to T / F where F is a finite 
group, so by [H Proposition 5.14] this reduces to 

■ ■ ■ ^ K^{UC,{Y'\ K)) ^ K^{UC,{Y, K)) ^ ir^(f/a(y', /C)) ^ • ■ ■ 

which is indeed exact since the functor K^ preserves exact sequences. 

When Z is arbitrary, this follows from an induction on the dimension of Z and 
from Lemma 13.91 

Since the Baum-Connes assembly map intertwines the two above exact se- 
quences, an application of the five- lemma completes the proof that FBC(r; UCh{Y, /C)) 
holds. Now, since ET is compact, there exists Y of the form -Pd(r) and equivari- 
ant maps ET — )■ F — > ET (see Lemma 13.21) whose composition is F-homotopic 
to the identity. We thus get maps UCb{ET,K:) -^ UCb(Y,K:) -^ UCb{ET,IC) 
whose composition is F-homotopic to the identity. It follows that the full Baum- 
Connes assembly map for F with coefficients in UCb{Er, ^) is a direct factor of 
the full Baum-Connes assembly map for F with coefficients in UCb{Y,}C), so it 
is an isomorphism. 

Now, consider the diagram 

K*°P(F) ^ K{C*{T)) 



K*°P(F; UCbiET; /C)) K{UCbiET; K)) 

We have shown that the lower horizontal arrow is an isomorphism. The leftmost 
vertical arrow is an isomorphism. To see this, using again exact sequences and 
an induction argument, we are are reduced as above to showing that KpiC.) — )■ 
Kp{UCb{ET,IC)) is an isomorphism for any finite subgroup F of F: this is true 
since ^F is F-uniformly contractible. D 
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Remark 4.5. If Z is a classifying space for proper actions, then there exists 
a F-equivariant homotopy / : [0,1] x Z x Z ^ Z between the two projections 
Z xZ ^ Z. Then for every finite subgroup F of Z and every F-fixed point a & Z, 
the map (t, z) f-> /(t, z, a) is a F-equivariant homotopy between the identity and 
a constant map, but it is not necessarily uniformly continuous. This explains 
the extra condition that ET is F-uniformly contractible. On the other hand, it 
would be surprising if there existed a group for which ET is F-compact but not 
uniformly contractible. 

5. Final remarks 

One of the main advantages of the coarse category is that it is much more 
fiexible than the category of discrete groups. For instance, the coarse Baum- 
Connes map is invariant under coarse homotopy equivalence. It is natural to 
ask whether the (full or reduced) coarse Baum-Connes map with coefficients is 
also invariant under coarse homotopy equivalence, but the answer is probably not 
obvious. To see why, let us consider a coarse map / : X — )• F. Let Z = X JIY, 
endowed with the largest distance d such that d{x, f{x)) = IWx E X, d\YxY < dy, 
d\xxx < dx- Then Z is coarsely equivalent to Y, so there are coarse maps 

C*{X) -^ C*{Z) ^ C*{Y) 

where the second map C*{Z) ^ C*(Y) is a Morita equivalence. Therefore, / 
induces a map K{C*{X)) ^ K{C*{Y)). 

To generalize such a construction to the conjecture with coefficients, it would 
be natural to expect similar maps on the groupoid level G{X) — )■ G{Z) ^— G{Y). 
However, the natural inclusion X — )■ Z generally does not induce a map G{X) — )■ 
G{Z) (unless X — )■ F is a coarse embedding). It does induce a map G'{X) — )■ 
G'{Z), but the natural inclusion G'{Y) — )■ G'{Z) is not a Morita equivalence. 
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